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Abstract. During 2002, the Voyager 1 spacecraft was in the
heliosphere between 83.4 and 85.9 AU (1 AU is the mean
distance from the Sun to Earth) at 34◦ N heliographic lat-
itude. The magnetic field strength profile observed in this
region had a multifractal structure in the range of scales from
2 to 16 days. The multifractal spectrum observed near 85 AU
is similar to that observed near 40 AU, indicating relatively
little evolution of the multifractal structure of the magnetic
field with increasing distance in the distant heliosphere in the
epoch near solar maximum.
1 Introduction
The Sun is surrounded by a region called the “heliosphere”
whose radial extent is at least 85 AU, which is filled with
plasma and magnetic fields moving from the Sun toward
the interstellar medium at an average speed of ≈450 km/s.
This “solar wind” is supersonic relative to the characteristic
speeds of the medium. The plasmas and magnetic fields in
the heliosphere have a variety of sources on the Sun and they
move with a broad range of speeds, so that they interact as
they move away from the Sun. The diversity of the flows and
their interactions on a wide range of scales lead to a complex
structure of the heliospheric magnetic field which is observed
in “large-scale fluctuatuations” that are seen on scales from
≈1 day to a few solar rotations (≈75 days) in plots of the
data on a scale of the order of 1 year (Burlaga, 1995).
Multifractal structure of the magnetic field and velocity
has been observed on small scales (a few seconds to a few
hours) in relation to intermittent turbulence in the solar wind
observed at <5 AU. Intermittent turbulence has been the sub-
ject of many studies, and it continues to be an active area
of research (Burlaga, 1991; Milovanov and Zelenyi, 1994;
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Marsch and Liu, 1993; Marsch and Tu, 1996, 1997; Hor-
bury et al., 1997; Carbone and Bruno, 1997; and Bruno et
al., 2003). However, this paper discusses multifractal struc-
ture observed on much larger scales and distances. Although
the methods used to study the multifractal structure of tur-
bulence can be used to study the multifractal structure of
the large-scale fluctuations (Burlaga, 1995), the latter rep-
resent a different physical phenomenon, related to the inter-
actions among streams, ejecta, interaction regions, disconti-
nuities and shocks, etc. These large-scale fluctuations might
act as sources of the small-scale turbulence, and in some re-
spects they are mathematically similar to turbulence, but they
represent different processes.
Multifractal structure of the large-scale fluctuations in
magnetic field strength data from Voyager 2 near 25 AU
was observed on scales from 16 h to 21 days (Burlaga et al.,
1991). Multifractal structure of B was observed at other dis-
tances and at three phases of the solar cycle (the declining
phase, solar minimum, and the rising phase approaching so-
lar maximum) (Burlaga et al., 1993). The structure of the
heliospheric magnetic field strength observed near 40 AU by
Voyager 1 (V1) was multifractal, and this structure can be
explained by a 1-D multi-fluid MHD model of the solar wind
with observations at 1 AU as input to the model (Burlaga et
al., 2003b).
The magnetic field is so weak beyond 40 AU that it has not
been possible until now to determine whether the multifractal
structure persists beyond 40 AU. Exceptionally high quality
magnetic field data were obtained by V1 during 2002. We
use 24-hour averages of these data to show that in 2002 large-
scale fluctuations in the heliospheric magnetic field strength
had a multifractal structure at ≈85 AU, near the termination
shock (McDonald et al., 2003; Krimigis et al., 2003). Thus,
the multifractal structure of the large-scale fluctuations in the
magnetic field strength is a universal property of the helio-
sphere, extending from 1 to 85 AU.
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Fig. 1. Daily averages of the magnetic field strength as a function
of time observed by V1 near 85 AU from day 1 to 256, 2002.
2 Multifractal distributions
The basic theory of multifractals has been discussed in sev-
eral papers (Frisch et al., 1978; Mandelbrot, 1972; Stanley
and Meakin, 1988; Tel, 1988). Given a time series B(t), nor-
malized by the average value of the magnetic field strength
in the interval under consideration, one examines averages
<Bqn > of the qth moments of B on various time scales
τn=2n, where n has the values 0, 1, 2. . . .; τo=1 day in this
paper. If the magnetic field strength profile has a multifractal
structure, then
< Bqn >∼ τ s(q)n (1)
over some range of scales (see Burlaga, 1995, page 193).
In practice, the function s(q) is determined by fitting a low-
order polynomial to a set of observations (q, s) over some
range of scales for integers q between −10 and 10. Thus,
just a few numbers (the coefficients of the polynomial) de-
scribe the multifractal. For a time series whose distribution
of values is lognormal, s(q) is a quadratic polynomial (Man-
delbrot, 1972). The results that we shall present can be fit by
a cubic polynomial, within the uncertainties of the observa-
tions:
s(q) = a0 + a1q+ a2q2 + a3q3 (2)
This cubic fit to the observations provides a higher order
description of the scaling symmetry than a lognormal distri-
bution function (see Burlaga, 2001 and references therein).
It constrains any model that might be proposed to explain the
observations. However, the cubic polynomial is not a unique
fitting function and it is not a solution of a physical equation;
it is simply a convenient and useful way to summarize the
observations of s(q).
Multifractal data are most directly described by the slopes




Fig. 2. The qth moments of various averages of Bq as a function of
scale for selected values of q. There is a range of scales in which the
points for a given moment q lie close to a straight line. The absolute
value of the slope of a line increases with increasing q, indicating
the existence of multifractal structure.
different amplitudes. Two other descriptions have been in-
troduced. The first is the “generalized dimension” Dq(q),
(Hentschel and Procaccia, 1983; Sreenivasan, 1991) which
is related to s(q) by the equation
Dq(q) = 1+ s(q)/(q− 1) (3)
The second description is in terms of the “multifractal
spectrum” f(α) (Halsey et al., 1986; Sreenivasan, 1991; Stan-
ley and Meakin, 1988; Tel, 1988) defined by the relations
α = d/dq[(q− 1)Dq(q)]
f(α) = qα(q)− (q− 1)Dq(q) (4)
In the particular case where s(q) is a cubic polynomial
within the measurement uncertainties, the preceding equa-
tions give
α = 1+ a1 + 2a2q+ 3a3q2
f(α) = 1− a0 + a2q2 + 2a3q3 (5)
The polynomial forms of α and f(α) are consequences of
the choice of a cubic polynomial describing the observations
of s versus q. The coefficients in the polynomials are not
unique, and they do not have direct physical significance.
However, these coefficients do give estimates of the points
at which f(α)=0 and the shape of f(α), which are important
properties of the multifractal structure. The parameter α has
a critical point at qmax=−a2/(3a3); one cannot compute f(α)
for larger values of q, so qmax gives a limit on the values of
q that can be used in the analysis. This upper value for q is a
consequence of the limitations of the data, both the relatively
small number of days in the data set and the uncertainties of
the measurements.
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Fig. 3. The points (q, s) and their error bars derived from the ob-
servations as described in the text. The solid curve is a fit to these
points with the cubic polynomial, whose equation is shown in the
figure.
3 Observations
Figure 1 shows V1 observations of the daily averages of the
magnetic field strength B from day 1 to 256, 2002.
During this interval V1 moved from 83.4 to 85.9 AU at 34◦
North heliographic latitude. The 1σ uncertainties in the mea-
surements are exceptionally low, <0.015 nT, primarily owing
to small changes in the spacecraft magnetic field which is the
major source of error. The fluctuations in B are very large
during this interval, and one can identify clusters of strong
fields on various scales. In order to search for multifractal
structure in this time profile, we plot <Bqn> versus τn in units
of days on a log-log scale for 1≤τn≤64 days, i.e., for τn=2n
(n=0, 1, 2, 3, 4, 5, and 6). We computed one curve (one
set of points) for each value of q, where q is an integer. For
our data, scaling (power law) behavior is observed for scales
2≤τn≤16 days and for −6≤q≤10, demonstrating that there
is multifractal structure over this range of scales.
Using a linear least squares fitting procedure, we fit a
straight line to each set of points corresponding to an inte-
ger q, on a log-log plot of <Bqn> vs. τn , and we obtained a
slope s and an error bar for s for each set. This procedure is
illustrated for q=−3,−2,−1, 2, 4, and 6 in Fig. 2.
The points (q, s) and error bars obtained in this way are
plotted in Fig. 3. A cubic polynomial for q between −4 and
6, shown by the solid curve and equation in Fig. 3, provides
a good fit to the points, and it a useful but somewhat arbi-
trary way to summarize and interpolate the observations. The
polynomial has an inflection point at q=5.84 owing to the un-
certainties in the measurements, which sets an upper limit for
the meaningful range of q. Within the measurement uncer-
tainties, the multifractal structure of the large-scale magnetic
field strength fluctuations observed by V1 near 85 AU can be







Fig. 4. The generalized dimension Dq(q) versus q computed from
the points in Fig. 3. The curve is a linear least squares fit of a fourth
order polynomial (show in the figure) to the points.
described by four constants, the coefficients in a cubic poly-
nomial, s(q).
Given (q, s) derived from the observations, one can cal-
culate corresponding values (q, Dq), where Dq is defined in
the previous section. The points (q, Dq) for −6≤q≤10 are
plotted in Fig. 4. One can fit these points with a fourth or-
der polynomial, which is shown by the solid curve and the
equation in Fig. 4. From the coefficients of the measured
cubic polynomial s(q), which are shown in Fig. 3, one can
compute a set of points in the multifractal spectrum f(α) us-
ing the last two equations in the previous section. These
points are plotted as the solid squares in Fig. 5. From the two
values of α at which f(α)=0, one could reconstruct a time
series with the same multifractal spectrum (Burlaga et al.,
1993). The set of points in Fig. 5 was fitted with the cubic
polynomial shown by the curve in Fig. 5. This polynomial
f(α) describes the multifractal spectrum for the V1 observa-
tions shown in Fig. 1. Note that f(α)=0 at α=0.77, which is
very close to the value of the corresponding αmin observed
near 40 AU close to the previous maximum in solar activity
(Burlaga et al., 2003b). The cubic approximation for f(α)
does not give a corresponding αmax at which f(α)=0, owing
to the presence of an inflection point. But extrapolating the
slope of f(α) linearly between the inflection point and the α
axis gives αmax≈1.425, again very close that observed near
40 AU. These results suggest that there is little evolution in
the multifractal structure of the heliospheric magnetic field
between 40 and 85 AU when the Sun is active.
4 Summary and discussion
The magnetic field strength as a function of time observed
by V1 from 83.4 to 85.9 AU during 2002 has a multifractal
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Fig. 5. The multifractal spectrum derived from the V1 observations
near 85 AU (solid squares). The solid curve is a fit to these points,
a cubic polynomial whose equation is shown in the figure.
structure in the range of scales from 2 to 16 days. During
2002, solar activity was declining from its maximum value
in 2000. Since it takes nearly a year for the solar wind to
propagate from the Sun to 85 AU, V1 was observing con-
ditions determined by relatively high solar activity during
2001. We found that the multifractal structure of the he-
liospheric magnetic field can extend as far as 85 AU from
the Sun when the Sun is active. We also found that the
multifractal spectrum of the fluctuations in B observed near
85 AU (near the outer boundary of the solar wind) is very
similar to that observed near 40 AU in 1989, when the so-
lar activity was high in the previous solar cycle. Thus, there
was relatively little evolution of the multifractal spectrum be-
tween 40 and 85 AU, probably because V1 was so far from
the energy source, the Sun.
The existence of multifractal structure in the heliospheric
magnetic field at 40 AU can be explained by a deterministic
MHD model (Burlaga et al., 2003a). The model (Wang and
Richardson, 2001; Wang et al., 2000) is a time-dependent,
1-D, spherically symmetric, multi-fluid that includes pickup
ions produced by the interaction of the solar wind with inter-
stellar neutral hydrogen; the dynamical processes are driven
by changes in momentum flux, gradients in the magnetic
pressure, and gradients in the pressures of the solar wind pro-
tons and the pickup protons. Three-dimensional turbulence
is not described by the model. In this model, the multifractal
structure of the large-scale fluctuations of the magnetic field
strength and speed arises from both the complexity of the ini-
tial conditions at 1 AU (Burlaga, 1992) and from non-linear
interactions among complex flows, interaction regions, and
shocks between 1 and ≈85 AU.
The similarity of the multifractal spectrum at ≈85 AU to
that at≈40 AU is consistent with the predictions of the MHD
model of solar wind flow through the heliosphere near solar
maximum (Burlaga et al., 2003a, 2003b). This model shows
that the heliospheric structure changes rapidly between 1 and
≈30 AU, but it changes relatively slowly in the distant helio-
sphere between ≈40 and 90 AU. There is considerable re-
structuring and formation of larger scale structures between
1 and ≈30 AU, driven by the large gradients in momentum
flux and pressure there. However, the processes involved in
the restructuring react back on the flows, diminishing these
gradients, so that they are no longer large enough to produce
major changes between ≈40 and 90 AU.
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